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a b s t r a c t
Let G be a finite group and let cd(G) be the set of all complex irreducible character degrees
of G. Bertram Huppert conjectured that if H is a finite nonAbelian simple group such that
cd(G) = cd(H), then G ∼= H × A, where A is an Abelian group. In this paper, we verify the
conjecture for the family of simple exceptional groups of Lie type G2(q) for q ≥ 7.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and notation
All groups considered are finite and all characters are complex characters. Let G be a group, Irr(G) be the set of all
irreducible characters of G, and denote the set of character degrees of G by cd(G) = {χ(1) : χ ∈ Irr(G)}. In instances
where the context is clear, we will refer to character degrees as degrees. In the late 1990s Bertram Huppert conjectured
that the nonAbelian simple groups are essentially determined by the set of their degrees. In [9], he posed the following
conjecture.
Huppert’s Conjecture. Let G be a group and let H be a nonAbelian simple group. If cd(G) = cd(H), then G ∼= H × A, where A
is an Abelian group.
Huppert verified the conjecture on a case-by-case basis for many nonAbelian simple groups, including the Suzuki groups,
many of the sporadic simple groups, and a few of the simple groups of Lie type [9]. Our goal is to verify Huppert’s Conjecture
for the simple groups of Lie type of Lie rank two. In [18–22], Huppert’s Conjecture was verified for L3(q), U3(q2), S4(q)with
q > 2, 2G2(q2) for q2 = 32m+1, m ≥ 1, 2F4(q2), q2 = 22m+1,m ≥ 1 and 3D4(q), q ≥ 3. The remaining simple group of Lie
type of Lie rank two is G2(q) for q ≥ 3. In the preprint ‘Some simple groups, which are determined by the set of their character
degrees VII’, Huppert verified his conjecture for the simple groups G2(3) and G2(4). In [1], the conjecture is verified for G2(5).
In this paper, we will establish Huppert’s Conjecture for G2(q)when q ≥ 7.
Theorem 1.1. Let q ≥ 7 be a prime power. If the sets of character degrees of G and G2(q) are the same, then G ∼= G2(q) × A,
where A is an Abelian group.
Wewill denote the commutator subgroup of G by G′. Consequently, the derived subgroup of G′ will be denoted by G′′. In [9],
Huppert outlines the following five steps which can be used to verify the conjecture.
(1) Show G′ = G′′. Then if G′/M is a chief factor of G, then G′/M ∼= Sk,where S is a nonAbelian simple group.
(2) Show G′/M ∼= H .
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(3) Show that if θ ∈ Irr(M) and θ(1) = 1, then θ is stable under G′, which implies [M,G′] = M ′.
(4) Show thatM = 1.
(5) Show that G = G′ × CG(G′). As G/G′ ∼= CG(G′) is Abelian and G′ ∼= H, Huppert’s Conjecture is verified.
Notation. Let G be a group. The set of all prime divisors of |G| is denoted by π(G). If N E G and λ ∈ Irr(N), then the set of
all irreducible constituents of λG is denoted by Irr(G|λ).We denote the greatest common divisor of two integers a and b by
gcd(a, b). The nth cyclotomic polynomial in variable q is denoted byΦn := Φn(q).We follow [6] for the notation of simple
groups. Other notation is standard.
2. Preliminaries
Wewill require several lemmas to carry out the proof of Huppert’s Conjecture. We begin with the following results from
Clifford Theory. These results can be found in [9, Lemmas 2,3]. Lemma 2.1(b) is often referred to as Gallagher’s Theorem.
Lemma 2.1. Suppose N E G and χ ∈ Irr(G).
(a) If χN = θ1 + θ2 + · · · + θk with θj ∈ Irr(N), then k divides |G : N|. In particular, if χ(1) is relatively prime to |G : N|, then
χN ∈ Irr(N).
(b) If χN ∈ Irr(N), then χτ ∈ Irr(G) for every τ ∈ Irr(G/N).
Lemma 2.2. Suppose N E G and θ ∈ Irr(N). Let I = IG(θ) denote the inertia subgroup of θ in G.
(a) If θ I =ki=1 φi with φi ∈ Irr(I), then φiG ∈ Irr(G) for all i. In particular, φi(1)|G : I| ∈ cd(G).
(b) If θ admits an extension θ0 to I, then (θ0τ)G ∈ Irr(G) for all τ ∈ Irr(I/N). In particular, θ(1)τ (1)|G : I| ∈ cd(G).
(c) If ρ ∈ Irr(I) such that ρN = eθ, then ρ = θ0τ0, where θ0 is a character of an irreducible projective representation of I of
degree θ(1) while τ0 is the character of an irreducible projective representation of I/N of degree e.
The next result will be used to verify Step 1 of Huppert’s method.
Lemma 2.3 ([18, Lemma 2.3]). Let G/N be a solvable factor group of G, minimal with respect to being nonAbelian. Then two cases
can occur.
(a)G/N is an r-group for some prime r. Hence there existsψ ∈ Irr(G/N) such thatψ(1) = rb > 1. Ifχ ∈ Irr(G) and r - χ(1),
then χτ ∈ Irr(G) for all τ ∈ Irr(G/N).
(b) G/N is a Frobenius group with an elementary Abelian Frobenius kernel F/N. Thus f = |G : F | ∈ cd(G) while
|F : N| = rc for some prime r and F/N is an irreducible module for the cyclic group G/F , hence c is the smallest integer such
that rc − 1 ≡ 0 (mod |G/F |). If ψ ∈ Irr(F), then either fψ(1) ∈ cd(G) or rc divides ψ(1)2. In the latter case, r divides ψ(1).
Moreover the following hold.
(i) If no proper multiple of f is in cd(G), then χ(1) divides f for all χ ∈ Irr(G) such that r - χ(1).
(ii) If there exists χ ∈ Irr(G) such that no proper multiple of χ(1) is in cd(G), then either f divides χ(1) or rc divides χ(1)2.
Furthermore if χ(1) is divisible by no nontrivial proper character degree in G, then f = χ(1) or rc | χ(1)2.
We will use the following lemma to establish Step 2.
Lemma 2.4 ([3, Lemma 5]). Let N be a minimal normal subgroup of G such that N ∼= Sk, where S is a nonAbelian simple group.
If σ ∈ Irr(S) extends to Aut(S), then σ k ∈ Irr(N) extends to G.
The following lemmas will be used in proving Step 3.
Lemma 2.5. Let q ≥ 7 be a power of a prime p. If K is a maximal subgroup of SL2(q)whose index divides q± 1 or q, then one of
the following cases holds.
(1) If q ≠ 7, 11, then K is the normalizer of a Sylow p-subgroup of order q in SL(q) of index q+ 1.
(2) If q = 7 or 11, then either K is the normalizer of a Sylow p-subgroup of order q in SL2(q) of index q+ 1 or K is nonAbelian
of index q.
Proof. Note that if K is a maximal subgroup of SL2(q) then the center Z of SL2(q) of order gcd(2, q − 1) must lie in K as
SL2(q) is perfect, so K/Z is a maximal subgroup of SL2(q)/Z ∼= L2(q). The result follows by inspecting the list of the maximal
subgroup of L2(q) in [10]. Note that if |SL2(7) : K | = 7, then K ∼= 2 · S4 ∼= SL2(3) · 2, and there are two conjugacy classes
of such maximal subgroups. If |SL2(11) : K | = 11, then K ∼= SL2(5) and there are two conjugacy classes of such maximal
subgroups. If q = 9 then SL2(9) has two conjugacy classes of maximal subgroups which are isomorphic to SL2(5) ∼= 2 · A5
both with index 6. But 6 does not divide 9± 1 or 9.Moreover if q ≠ 7, 9, 11, then q+ 1 is the smallest index of a maximal
subgroup of SL2(q),where q ≥ 7. 
The following lemma will be useful in proving Step 4.
Lemma 2.6 ([9, Lemma 6]). Suppose M E G′ = G′′ and λg = λ for all g ∈ G′ and all λ ∈ Irr(M) such that λ(1) = 1. Then
M ′ = [M,G′] and |M : M ′| divides the order of the Schur multiplier of G′/M.
The next lemma will be used to verify Step 5.
Lemma 2.7 ([8, Theorem C]). Let σ be an outer automorphism of the nonAbelian simple group G. Then there exists a conjugacy
class C of G with Cσ ≠ C.
We now have the lemmas necessary to begin the verification of Huppert’s Conjecture for G2(q), for q ≥ 7.
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3. Results concerning the character degrees of G2(q)
We first consider the character degrees of G2(q),where q is a power of a prime p. As listed in [5], the nontrivial character
degrees of G2(q) are
1
6qΦ
2
1Φ6,
1
6qΦ
2
2Φ3,
1
3qΦ
2
1Φ
2
2 ,
1
3qΦ3Φ6,
1
2qΦ
2
1Φ3,
1
2qΦ
2
2Φ6,Φ1Φ3Φ6,Φ2Φ3Φ6
Φ21Φ3Φ6,Φ
2
1Φ
2
2Φ6, qΦ1Φ3Φ6,Φ1Φ2Φ3Φ6, q
6,Φ21Φ
2
2Φ3, qΦ2Φ3Φ6,Φ
2
2Φ3Φ6.
In addition, there are the following degrees.
If q ≡ 1 (mod 6) or q ≡ 4 (mod 6):Φ2Φ6, qΦ22Φ6 and q3Φ2Φ6.
If q ≡ 1 (mod 6), q ≡ 3 (mod 6) or q ≡ 5 (mod 6):Φ3Φ6, qΦ3Φ6 and q2Φ3Φ6.
If q ≡ 2 (mod 6) or q ≡ 5 (mod 6):Φ1Φ3, qΦ21Φ3 and q3Φ1Φ3.
We first establish some properties of the set of character degrees of G2(q). We are interested in determining which
degrees of G2(q) are nontrivial powers. This reduces to the question of which degrees can be written as yp, where p is a
prime. The following result follows from [17,12].
Lemma 3.1. The number q2 + q + 1 cannot be written in the form yn for n > 1. The number q2 − q + 1 is of the form yn, for
n > 1, only for q = 19.
From Lemma 3.1, q2+ q+ 1 is never a power and q2− q+ 1 is a power only when q = 19. In addition, as shown in [16],
q2+q+1 and q2−q+1 cannever bewritten in the form3yn for any n > 1. As gcd(q+1, q2+q+1) = gcd(q−1, q2−q+1) = 1
while gcd(q−1, q2+q+1) and gcd(q+1, q2−q+1) are either 1 or 3,we see that (q±1)(q2±q+1) and (q2+q+1)(q2−q+1)
are never nontrivial powers. All the degrees of G2(q) except q6 and 13qΦ
2
1Φ
2
2 = 13q(q − 1)2(q + 1)2 contain one of these
products. As shown in [13], the only power of a prime among the degrees of G2(q) for q > 3 is q6. We have proved the
following lemma.
Lemma 3.2. For q ≥ 7, the only nontrivial powers among the degrees of G2(q) are q6 and possibly 13qΦ21Φ22 . The only nontrivial
prime power degree of G2(q) is q6.
Wewill also need to know which pairs of character degrees of G2(q) are consecutive integers. By examining the degrees
of G2(q), it is possible to prove the following lemma.
Lemma 3.3. The only pair of consecutive integers among the character degrees of G2(q), for q > 2, is q6 − 1 and q6.
Excluding q6 and 1 from consideration, the only pairs of relatively prime degrees of G2(q) are possibly
Φ2Φ6 and qΦ3Φ21/2 for q ≡ 4 (mod 6);
Φ3Φ6 and qΦ21Φ
2
2/3 for q ≡ 3 (mod 6);
Φ1Φ3 and qΦ22Φ6/2 for q ≡ 2, 5 (mod 6).
Hence, excluding 1 and q6 from consideration, there is at most one pair of relatively prime character degrees of G2(q). We
will frequently use the following well-known result found in [14,17].
Lemma 3.4. The only divisors ofΦ3 are 3, but not 32, and numbers of the form 1+ 3m. The only divisors ofΦ6 are 3, but not 32,
and numbers of the form 1+ 6m.
4. Establishing G ′ = G ′′ when H ∼= G2(q)
From now on we assume that H ∼= G2(q) where q = pa ≥ 7, p is a prime and a ≥ 1. Suppose that G′ ≠ G′′. Then there
exists a solvable factor group G/N of G minimal with respect to being nonAbelian. By Lemma 2.3, G/N is an r-group or a
Frobenius group.
Case 1 : G/N is an r-group for some prime r . By Lemma 2.3(a), G/N has a character degree rb > 1. By Lemma 3.2, the only
nontrivial prime power degree of G is q6, hence we deduce that rb = q6 ∈ cd(G/N). Now Φ21Φ22Φ3 is a character degree of
G and r - Φ21Φ
2
2Φ3. By Lemma 2.1, if χ ∈ Irr(G)with χ(1) = Φ21Φ22Φ3, then χN ∈ Irr(N). Let τ ∈ Irr(G/N)with τ(1) = q6.
Lemma 2.1 implies that G has a character degree q6Φ21Φ
2
2Φ3,which is impossible.
Case 2 : G/N is a Frobenius group with elementary Abelian Frobenius kernel F/N , where |F : N| = rc for some prime r .
In addition, f = |G : F | ∈ cd(G) and f divides rc − 1.
Subcase 2(a) : r ≠ p. Let χ ∈ Irr(G), χ(1) = q6. As r - χ(1) and no proper multiples and no proper divisors of this
degree are in cd(G),we deduce from Lemma 2.3 that f = q6. Now let ψ ∈ Irr(G), with 1 < ψ(1) ≠ q6. Then ψ(1)p′ ≠ 1. If
θ ∈ Irr(F) is an irreducible constituent ofψF , thenψ(1)/θ(1) | |G : F | = q6 and hence θ(1)p′ = ψ(1)p′ ≠ 1. It follows that
θ(1)f is not a character degree ofG and hence r | θ(1),which implies that r | ψ(1)p′ for anyψ ∈ Irr(G)with 1 < ψ(1) ≠ q6.
If r - Φ1, then as gcd(Φ2,Φ3) = 1, we have that either r - qΦ21Φ22/3 or r - qΦ21Φ3/2, a contradiction. Thus r | Φ1. If r = 2,
H.P. Tong-Viet, T.P. Wakefield / Journal of Pure and Applied Algebra 216 (2012) 2720–2729 2723
then as r ≠ p, q is odd. Hence q is congruent to 1, 3 or 5 modulo 6. But then 2 - Φ3 and 2 - Φ6. So 2 - qΦ3Φ6/3. If r = 3,
then 3 | Φ1. Thus qΦ22Φ3/6 is not divisible by 3 since 32 - Φ3, a contradiction. Hence r | Φ1 and r > 3. Since r ≠ 2, r - Φ2.
Now gcd(Φ1,Φ3) = 1 or 3, so as r ≠ 3, we have that r - qΦ22Φ3/6, a contradiction. Hence r ≠ p is not possible.
Subcase 2(b) : r = p. Let ψ ∈ Irr(G) with ψ(1) = qΦ21Φ22/3. As q ≥ 7, no proper multiples and no proper divisors of
ψ(1) are in cd(G), by Lemma 2.3(b), since r | ψ(1), we have f ≠ ψ(1) therefore rc | ψ(1)2. Hence rc | q2. As f | rc − 1,
we have f ≤ rc − 1 ≤ q2 − 1,where 1 < f ∈ cd(G),which is impossible. Thus G′ = G′′.
5. Establishing G ′/M ∼= H when H ∼= G2(q)
In this section, we will establish Step 2 for the simple groups G2(q)with q ≥ 7.
5.1. Eliminating the Tits, sporadic, and alternating groups when k > 1
Let n be a positive integer. We call λ = (λ1, . . . , λr) a partition of n, written λ ⊢ n, provided λi, i = 1, . . . , r are
integers, with λ1 ≥ · · · ≥ λr > 0 andri=1 λi = n.We collect the same parts together and write λ = (ℓa11 , . . . , ℓakk ), with
ℓi > ℓi+1 > 0 for i = 1, . . . , k− 1; ai ≠ 0; andki=1 aiℓi = n. It is well known that the irreducible complex characters of
the symmetric group Sn are parametrized by partitions of n. Denote by χλ the irreducible character of Sn corresponding to
partition λ. The irreducible characters of the alternating group An are then obtained by restricting χλ to An. In fact, χλ is still
irreducible upon restriction to the alternating group An if and only if λ is not self-conjugate. Otherwise, χλ splits into two
irreducible characters of An having the same degree. The character degree χλ(1) can be computed using the Hook formula.
Lemma 5.1. If n ≥ 7, then Irr(An) contains at least four nonlinear irreducible characters of different degrees which extend to
Aut(An).
Proof. As n ≥ 7, the symmetric group Sn possesses at least four nontrivial irreducible characters labeled by the partitions
(n − 1, 1), (n − 2, 2), (n − 2, 12) and (n − 3, 2, 1), respectively. Observe that these partitions are not self-conjugate and
so these irreducible characters when restricted to An remain irreducible. The degrees of these irreducible characters are
n − 1, n(n − 3)/2, (n − 1)(n − 2)/2 and n(n − 2)(n − 4)/3, respectively. As n ≥ 7, it is easy to verify that all of these
character degrees are distinct. 
To eliminate the sporadic groups and the Tits group, we need the following result, found by checking the Atlas [6].
Lemma 5.2. If S is a sporadic simple group or the Tits group, then there exist at least five distinct nonlinear irreducible characters
of different degrees of S which extend to Aut(S).
Proposition 5.3. If S is an alternating group An with n ≥ 7, a sporadic simple group or the Tits group, then k = 1.
Proof. Suppose that k > 1 and S ∼= An for some n ≥ 7, a sporadic simple group or the Tits group. Lemmas 5.1 and 5.2 imply
that S has nonlinear irreducible characters of distinct degrees φ1, φ2, and φ3, say, which extend to Aut(S).
By Lemma 2.4, φ1k, φ2k, and φ3k extend to G/M . As shown in Lemma 3.2, there are at most two nontrivial powers among
the character degrees of G/M . Thus, if S ∼= An with n ≥ 7, a sporadic simple group, or the Tits group, then k = 1. 
Note that A5 ∼= L2(5) and A6 ∼= L2(9) will be considered with the simple groups of classical Lie type. We have proved
that if S ∼= An with n ≥ 7, a sporadic simple group or the Tits group, then k = 1. In this case, G′/M ∼= S. We will now show
that S cannot be one of these groups.
5.2. Eliminating sporadic simple groups and the Tits group when k = 1
Proposition 5.4. The simple group S cannot be a sporadic simple group nor the Tits group.
Proof. Now G has at most 22 distinct, nontrivial degrees. If an irreducible character of S extends to Aut(S), then it must
extend to G by Lemma 2.4. Consulting the Atlas [6], most of the sporadic groups have more than 22 irreducible characters
of distinct degrees which extend to Aut(S). This implies that G has more than 22 distinct character degrees, a contradiction.
Thus we only need to consider the following cases of sporadic simple groups with 22 or less extendible characters of
distinct degrees.
Case 1: S ∼= M11, S ∼= M12, S ∼= M23, S ∼= M24 or S ∼= J1. For each of these simple groups, irreducible characters of
consecutive degrees extend. The higher degree of these consecutive degrees is not a prime power. As stated in Lemma 3.3,
the only consecutive degrees of G are q6 − 1 and q6. Hence this is not possible.
Case 2: S ∼= M22. The simple groupM22 has irreducible characters of relatively prime degrees 45 and 154 which extend
to Aut(M22). Examining the list of pairwise relatively prime degrees of G, we see that this is not possible.
Case 3: S ∼= J2 or S ∼= J3. The simple group J2 has an irreducible character of degree 225 = 152 which extends to Aut(J2)
while the simple group J3 has an irreducible character of degree 324 = 182 which extends to Aut(J3). The only nontrivial
powers among the degrees of G are q6 and possibly 13qΦ
2
1Φ
2
2 and we see that neither of these could possibly be 225 or 324.
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Case 4: S ∼= HS, S ∼= O′N or S ∼= McL. The simple group HS has five pairs of irreducible characters of relatively prime
degrees which extend to Aut(HS), while the simple group O′N has three pairs of irreducible characters of relatively prime
degrees which extend to Aut(O′N). The simple groupMcL has irreducible characters of relatively prime degrees 22 and 5103
as well as 3520 and 5103 which extend to Aut(McL). As G has at most one pair of relatively prime degrees, we see that these
cases are impossible.
Case 5: S ∼= He. The simple group He has irreducible characters of relatively prime degrees 1275 and 6272 which extend
to Aut(He). Examining the odd degrees of G relatively prime to another degree we see that it is not possible for 1275 to be
a degree of G.
Case 6: S ∼= 2F4(2)′. In this case, S possesses an irreducible character of degree 33 which extends to Aut(S) and hence
33 ∈ cd(G).However the only nontrivial prime power degree ofG is q6 by Lemma 3.2. Thus q6 = 33,which is impossible. 
5.3. Eliminating An when k = 1
Proposition 5.5. The simple group S is not an alternating group An with n ≥ 7.
Proof. As shown in the proof of Lemma 5.1, if n ≥ 7, then An has two irreducible characters χi, i = 1, 2, of degrees
n(n− 3)/2 and n(n− 3)/2+ 1 = (n− 1)(n− 2)/2, corresponding to the partitions (n− 2, 2) and (n− 2, 12). If n = 2m,
then χ1(1) = 2m2 − 3m and χ2(1) = 2m2 − 3m+ 1 = (m− 1)(2m− 1). If n = 2m+ 1, then χ1(1) = 2m2 −m− 1 and
χ2(1) = m(2m− 1). In both cases, χ1(1) and χ2(1) are consecutive integers, with χ2(1) larger. But q6 ≠ (m− 1)(2m− 1),
as q6 is a power of a prime while gcd(m − 1, 2m − 1) = 1. Similarly, q6 ≠ m(2m − 1), as q6 is a power of a prime while
gcd(m, 2m− 1) = 1. 
5.4. Eliminating the groups of lie type when k > 1
We refer the reader to [4] for the classification of unipotent characters and the notion of symbols. It is well known that
every simple group of Lie type S in characteristic p (excluding the Tits group) possesses an irreducible character of degree
|S|p,which is the size of the Sylow p-subgroup of S, and is denoted by StS and is called the Steinberg character of S.Moreover
the Steinberg character and also the unipotent characters of S extend to Aut(S), apart from some explicit exceptions. By
Lemma 2.4, we have that χ(1)k is a degree of G, for any irreducible character χ of S that extends to Aut(S). As the only
composite power of a prime among degrees of G is q6, we must have that StS(1)k = q6. Hence, the defining characteristic of
the simple group S must be the same as the prime divisor of q6. We define a mixed degree of S to be a degree of S which is
divisible by q but is not a power of q.
Lemma 5.6. If S = S(q1) is a simple group of Lie type, and S  L2(q1), then S possesses an irreducible character of mixed degree.
Proof. Examining the list of unipotent characters for the simple groups of exceptional Lie type found in [4, 13.9], we see
that it is true for these groups. For the simple classical groups of Lie type, the degrees of the unipotent characters labeled by
the symbols in Table 1 have mixed degrees. 
Proposition 5.7. If S = S(q1) is a simple group of Lie type and S  L2(q1), then k = 1.
Proof. Suppose that k ≥ 2. The Steinberg character of S extends to Aut(S) so StS(1)k = q6. Write StS(1) = q1j. Since
S  L2(q1), Lemma 5.6 implies that S possesses an irreducible character of mixed degree, say τ . As G′/M ∼= Sk, there is an
irreducible character of G′/M found by multiplying k− 1 copies of StS with τ . Then (Stk−1S τ)(1) is a mixed degree of G′/M .
As the degrees of G′/M divide the degrees of G, we must have that the degree of this irreducible character divides one of the
mixed degrees of G. The highest power of q on any mixed degree of G is 3. Now q6 = q1jk implies q = q1jk/6. The power of
q1 in (Stk−1S τ)(1) is at least j(k− 1)+ 1. We must have that j(k− 1)+ 1 ≤ 3jk/6,which reduces to 3j(k− 2)+ 6 ≤ 0. Thus
k < 2, a contradiction. Hence k = 1 if S  L2(q1). 
Wemust now eliminate the case when k > 1 and S ∼= L2(q1).
Proposition 5.8. If S ∼= L2(q1) for q1 ≥ 4, then k = 1.
Proof. Recall that S has the character degree q1 − 1 and Steinberg character of degree q1. Repeating the argument of
Proposition 5.7, noting that StS(1) = q1, so q6 = q1k and choosing τ to be the irreducible character of S of degree q1 − 1,
implies that k ≤ 2. Suppose that k = 2. Then q12 = q6 so q1 = q3. Hence (q3 − 1)2 = Φ21Φ23 divides a character degree of
G,which is impossible. 
5.5. Eliminating simple groups of exceptional lie type when k = 1
Proposition 5.9. If G′/M ∼= S, where S is a simple group of exceptional Lie type, then S ∼= G2(q).
Proof. We will examine each of the families of simple groups of exceptional Lie type individually. Again, all notation is
adapted from [4]. Recall that q6 = StS(1).
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Table 1
Eliminating simple groups of Lie type.
S St(1) Symbol χ(1)p
Lℓ+1(q1) q1ℓ(ℓ+1)/2 (1, 1, 1, . . . , 1, 2) q1ℓ(ℓ−1)/2
Uℓ+1(q12) q1ℓ(ℓ+1)/2 (1, 1, 1, . . . , 1, 2) q1ℓ(ℓ−1)/2
O2ℓ+1(q1) q1ℓ
2

0 1 2 · · · ℓ− 2 ℓ− 1 ℓ
1 2 · · · ℓ− 2

q1ℓ
2−2ℓ+1
S2ℓ(q1), p > 2 q1ℓ
2

0 1 2 · · · ℓ− 2 ℓ− 1 ℓ
1 2 · · · ℓ− 2

q1ℓ
2−2ℓ+1
S2ℓ(q1), p = 2 q1ℓ2

0 1 2 · · · ℓ− 2 ℓ− 1 ℓ
1 2 · · · ℓ− 2

1
2 q1
ℓ2−2ℓ+1
O2ℓ+(q1) q1ℓ(ℓ−1)

0 1 2 · · · ℓ− 3 ℓ− 1
1 2 3 · · · ℓ− 2 ℓ− 1

q1ℓ
2−3ℓ+3
O2ℓ−(q1) q1ℓ(ℓ−1)

0 1 2 · · · ℓ− 2 ℓ
1 2 · · · ℓ− 2

q1ℓ
2−3ℓ+2
3D4(q13) q112 φ′′1,3 q17
F4(q1) q124 φ9,10 q110
E6(q1) q136 φ6,25 q125
2E6(q12) q136 φ′′2,16 q125
E7(q1) q163 φ′′7,46 q146
E8(q1) q1120 φ8,91 q191
Case 1: S ∼= G2(q1). The Steinberg character of S ∼= G2(q1) has degree q16. Then q6 = q16 which implies q = q1. Hence
S ∼= G2(q) as wanted.
Case 2: S ∼= 2B2(q12), q12 = 22m+1,m ≥ 1. Now
cd(2B2(q12)) = {1, q14, q14 + 1, (q12 − 1)a, (q12 − 1)b, (q12 − 1)u},
for q12 = 22m+1 ≥ 8, u = 1√2q1, a = q12 + 1√2q1 + 1, and b = q12 − 1√2q1 + 1. As the Steinberg character of S has degree
q14, we have that q14 = q6. Then q14 + 1 = q6 + 1 must divide a degree of G. But this is not the case. Hence S  2B2(q12).
Case 3: S ∼= 2G2(q12), q12 = 32m+1,m ≥ 1.Here, q16 = q6 so q = q1. But q is an integerwhile q1 is not. Thus S  2G2(q12).
Case 4: S ∼= 2F4(q12), q12 = 22m+1,m ≥ 1.We have StS(1) = q241 and hence q6 = q124, which implies q = q14. Consider
the character ϵ′′ of 2F4(q12) of degree q110(q14 − q12 + 1)(q18 − q14 + 1). This degree must divide a mixed degree of G.
As q = q14, this degree must divide q3(q3 ± 1). But q3 ± 1 = q112 ± 1 and q18 − q14 + 1 does not divide q112 ± 1. Thus
S  2F4(q12).
Case 5: S is isomorphic to one of the remaining simple groups of exceptional Lie type. Recall S = S(q1) is a simple group
of exceptional Lie type defined over a field of q1 elements. Suppose the Steinberg character of S has degree q1j. Then q6 = q1j,
so q = q1j/6. Each of the remaining possibilities for S has a mixed degree whose power on q1 is greater than 3j/6. As the
mixed degrees of G have power at most 3j/6 on q1, we have a contradiction. Table 1 exhibits the degree of the Steinberg
character of S and a character of S of appropriate degree which will result in a contradiction. 
5.6. Eliminating the groups of classical lie type when k = 1
These cases can be eliminated as follows. Assume that G′/M ∼= S, where S is a nonAbelian simple classical group of Lie
type. It follows that S is of characteristic p and is defined over a field of size q1 and |S|p = q6. Let χ be a unipotent character
of S different from StS, which is extendible to Aut(S).We know that χ(1) is also a degree of G. Moreover as the p-part of
any irreducible character of G2(q)which is different from q6 is at most q3,we deduce that χ(1)p ≤ q3. From this inequality,
we obtain an upper bound on the Lie rank of S. For the remaining cases, by using various choices of the character degrees
of S, we finally obtain a contradiction. In Table 1, we list the degree of the Steinberg character of S and also the unipotent
characters of S different from StS whose p-part are large. We will write Lϵn(q) to denote Ln(q) when ϵ = + and Un(q) when
ϵ = −.We consider each family of the simple classical groups separately.
Case 1: S ∼= Lϵℓ+1(q1). By Table 1, we have that ℓ(ℓ− 1)/2 ≤ 3ℓ(ℓ+ 1)/12,which implies that ℓ ≤ 3.
Subcase 1(a): ℓ = 1. Then S ∼= L2(q1) ∼= U2(q12) for q1 ≥ 4 and q6 = q1. As q ≥ 7, we deduce that q1 > 7. In this
case S has a character degree q1 + 1 = q6 + 1. This degree must divide a degree of G. Examining the degrees of G, it is
clear that q6 + 1 does not divide any of them. Note that this eliminates the possibilities that S ∼= L2(4) ∼= L2(5) ∼= A5 and
S ∼= A6 ∼= L2(9).
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Subcase 1(b): ℓ = 2. Then S ∼= Lϵ3(q1) and q1 = q2. But the mixed degrees of S are q2(q2 + ϵ1) and q2(q4 + ϵq2 + 1).
These must divide q3(q3 ± 1) or q2(q4 + q2 + 1). Certainly q2 + 1 does not divide q3 ± 1, and q2 + 1 is relatively prime to
q4 + q2 + 1 so it does not divide q2(q4 + q2 + 1) either.
Subcase 1(c): ℓ = 3. Then S ∼= Lϵ4(q1) and q = q1. By [4, 13.8], S has a unipotent character labeled by the partition (2, 2)
with degree q2(q2 + 1). However G has no such degree.
Case 2: S ∼= O2ℓ+1(q1) or S ∼= S2ℓ(q1),where ℓ ≥ 2. Then qℓ21 = q6. As shown in Table 1, we have that ℓ2 − 2ℓ ≤ 3ℓ2/6,
which implies that ℓ ≤ 4. Thus 2 ≤ ℓ ≤ 4.When ℓ = 2, we have q14 = q6, so q1 = q3/2. This group has a unipotent degree
q13(q16 + 1)/2 corresponding to the symbol
0 1
2

. This degree divides no degree of G. For ℓ = 3, we have q2 = q13. From
[4, 13.8], we see that S has a unipotent character χα of degree χα(1) = q41(q21 + 1)(q31 + 1)/(2q1 + 2) corresponding to the
symbol
1 2 3
0 1

. This is a mixed degree of S, hence must divide a mixed degree of G. But it has the factor q2 + 1, which does
not divide any of the mixed degrees of G. For ℓ = 4,we have that q81 = q3. The group S has a unipotent character labeled by
the symbol
1 2 ℓ
0 1

for Bℓ and
1 ℓ−1
1

for Cℓ with degrees 12q1
4Φ3Φ6Φ8 and q13Φ22Φ8, respectively. By comparing the p-part of
these degrees, we obtain a contradiction.
Case 3: S ∼= O±2ℓ(q1), ℓ ≥ 4. As shown in Table 1, we have that ℓ2 − 3ℓ + 2 ≤ 3ℓ(ℓ− 1)/6, which implies that ℓ ≤ 4.
Hence ℓ = 4 and so q = q21. Since q ≥ 7,we deduce that q1 ≥ 3.
Suppose S ∼= O+8 (3). But O8+(3) has a character degree χ113(1) = 716800, which is larger than any of the degrees of
G2(9).
Suppose S ∼= O8+(q1), q1 > 3. From [4, 13.8], S possesses a unipotent character χ labeled by the symbol
1 3
0 2

of degree
χ(1) = q13(q1 + 1)4(q12 − q1 + 1)/2. This is a mixed degree of S, hence must divide a mixed degree of G. But the power
of q1 on this degree of S implies it must divide q2(q4 + q2 + 1) or q3(q3 ± 1). If it divides one of the latter, then it divides
(q3 − 1)(q3 + 1) = q6 − 1 = q112 − 1. But (q1 + 1)4 does not divide q112 − 1. Now q4 + q2 + 1 = q18 + q14 + 1 and it is
clear that (q1 + 1)4 does not divide this term either. So it is not possible for this degree of S to divide a degree of G.
Suppose S ∼= O8−(q1). By Carter [4, 13.8], S possesses a unipotent character χ labeled by the symbol
1 3
−

of degree
χ(1) = q1(q14 + 1) = q1(q2 + 1). This degree divides no character degrees of G2(q).
6. Proving IG′(θ) = G ′ when H ∼= G2(q)
Let θ ∈ Irr(M) with θ(1) = 1. Suppose IG′(θ) = I  G′ for some θ ∈ Irr(M). Let U be maximal such that I ≤ U  G′.
If θ I = si=1 eiφi, for φi ∈ Irr(I), then by Lemma 2.2, φi(1)|G′ : I| is a degree of G′ and thus divides some degree of G. We
will need to find indices of maximal subgroups of G2(q) which divide character degrees of G2(q). From the list of maximal
subgroups of G2(q) in [7,11], we have Table 2 for odd q and Table 3 for even q. The notation in Tables 2 and 3 is as follows:
[q5] denotes an unspecified group of order q5, A : B denotes a split extension, A ◦ B denotes a central product, and A · B
denotes a non-split extension.
Lemma 6.1. The only maximal subgroups of G2(q), for q ≥ 7,whose indices divide degrees of G are the parabolic subgroups with
structure [q5] : GL2(q) and the subgroups with structure SL3(q) : 2 and SU3(q) : 2.
Proof. We begin by examining the case when q is odd. The index of the parabolic subgroups with structure [q5] : GL2(q)
divides the degrees:
Φ2Φ3Φ6,Φ1Φ2Φ3Φ6, qΦ2Φ3Φ6,Φ22Φ3Φ6.
The index of the maximal subgroups with structure (SL2(q)◦ SL2(q)) ·2 does not divide degrees of G as the power on q in the
index of themaximal subgroup is too large. The same reasoning eliminates themaximal subgroups with structure 23 · L3(2),
as q is odd. The index of the maximal subgroups with structure SL3(q) : 2 divides the degree q3(q3 + 1) if q ≡ 1 (mod 6).
The index of the maximal subgroups with structure SU3(q) : 2 divides the degree q3(q3−1) if q ≡ 5 (mod 6). Next consider
the indices of maximal subgroups with structure G2(q0). Here α > 1, so this index must divide a mixed degree of G. Now
6α − 6 > 3α when α > 2. So this index will not divide a degree of G when α > 2. If α = 2, we have that the index of the
subgroup is q06(q06+ 1)(q02+ 1) and this does not divide q06(q06± 1). The index of the maximal subgroups with structure
2G2(q20) is too large to divide the mixed degrees q
3(q3+ 1) and q3(q3− 1) and the power of q is too large to divide the other
mixed degrees of G. The index of the maximal subgroups with structure PGL2(q) does not divide degrees of G as the power
on q in the index of the maximal subgroup is too large. The index of the maximal subgroups with structure L2(8) and L2(13)
must divide mixed degrees of G. As q is odd, we see that the power on q in the index is too large to allow the index to divide
a mixed degree of G. If the maximal subgroup of G2(q) has structure G2(2), then the index must divide a mixed degree of G.
As q is odd, the index will not divide a mixed degree of G if q ≠ 3 and q ≠ 7. If q = 7, then the power on q in the index is 5
and thus too large to divide a mixed degree of G. If q = 3, the mixed degrees of G have power 2 or less on q, so this does not
divide a degree of G. Finally, if the maximal subgroup of G2(q) has structure of J1, then the power on 11 is too large to divide
a mixed degree of G.
We will now consider the maximal subgroups of G2(q) for even q. These were determined in [7]. The maximal subgroup
structure is summarized in Table 3.
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Table 2
Maximal subgroups of G2(q), q odd.
Subgroup Structure Order Index
[q5] : GL2(q) q6(q− 1)(q2 − 1) Φ2Φ3Φ6
(SL2(q) ◦ SL2(q)) · 2 2q2(q2−1)22(q−1)2 q4Φ21Φ3Φ6
23 · L3(2) (q prime) 23 · 23(23−1)(22−1)2 q
6(q6−1)(q2−1)
25(23−1)(22−1)
SL3(q) : 2 2q3(q3 − 1)(q2 − 1) 12 q3(q3 + 1)
SU3(q) : 2 2q3(q3 + 1)(q2 − 1) 12 q3(q3 − 1)
G2(q0), q = q0α , α prime q06(q06 − 1)(q02 − 1) q06α (q06α−1)(q02α−1)q06(q06−1)(q02−1)
2G2(q20), q = q20 = 32m+1 q3(q3 + 1)(q− 1) q3(q3 − 1)(q+ 1)
PGL2(q), p ≥ 7, q ≥ 11 q(q2 − 1) q5(q6 − 1)
L2(8), p ≥ 5 8 · (82 − 1) q6(q6−1)(q2−1)23 ·32 ·7
L2(13), p ≠ 13 12 (13)(132 − 1) q
6(q6−1)(q2−1)
22 ·3·7·13
G2(2), q ≥ 5 is prime 26(26 − 1)(22 − 1) q6(q6−1)(q2−1)26 ·33 ·7
J1 , q = 11 23 · 3 · 5 · 7 · 11 · 19 115(23 · 32 · 5 · 37)
Table 3
Maximal subgroups of G2(q), q even.
Subgroup Structure Order Index
[q5] : GL2(q) q6(q− 1)(q2 − 1) Φ2Φ3Φ6
SL3(q) : 2 2q3(q3 − 1)(q2 − 1) 12 q3(q3 + 1)
SU3(q) : 2 2q3(q3 + 1)(q2 − 1) 12 q3(q3 − 1)
SL2(q)× SL2(q) q2(q2 − 1)2 q4Φ3Φ6
G2(2m), a/m prime 26m(26m − 1)(22m − 1) 26a(26a−1)(22a−1)26m(26m−1)(22m−1)
The index of the parabolic subgroups with structure [q5] : GL2(q) divides the degrees:
Φ2Φ3Φ6, Φ1Φ2Φ3Φ6, qΦ2Φ3Φ6,Φ22Φ3Φ6.
The index of themaximal subgroupswith structure SL2(q)×SL2(q)does not divide degrees ofG as the power on q in this index
is too large. The index of the maximal subgroups with structure SL3(q) : 2 divides the degree q3(q3 + 1) if q ≡ 4 (mod 6).
The index of the maximal subgroups with structure SU3(q) : 2 divides the degree q3(q3−1) if q ≡ 2 (mod 6). Next consider
the index of maximal subgroups with structure G2(2m). Here a/m > 1, so this index must divide a mixed degree of G. Now
6a− 6m > 3awhen a/m > 2. So this index will not divide a degree of Gwhen a/m > 2. If a/m = 2, then a = 2m and the
index of the subgroup is 26m(26m + 1)(22m + 1). Now q = 2a = 22m and so the only degrees of G this index could divide are
q3(q3 ± 1) = 26m(26m ± 1) and it is clearly too large to do so. Thus, the only maximal subgroups of G2(q), for q ≥ 7,whose
indices divide degrees of G are the parabolic subgroups and the subgroups with structure SL3(q) : 2 and SU3(q) : 2. 
6.1. Maximal subgroups with structure SL3(q) : 2 or SU3(q) : 2
First, consider the maximal subgroups with structure SL3(q) : 2 or SU3(q) : 2, whose indices divide the degree q3(q3+1)
or q3(q3 − 1), respectively. We have that 12q3(q3 ± 1)|U/M : I/M|φi(1) divides q3(q3 ± 1). Thus |U/M : I/M|φi(1) divides
2. There are three cases to consider.
Case 1: |U/M : I/M| = 2. Then φi(1) = 1 for all i. Since |U/M : I/M| = 2, I/M is a normal subgroup of U/M
of index 2. As φi(1) = 1, φi is an extension of θ to I . By Lemma 2.2(b), (φiτ)G′ ∈ Irr(G′) for all τ ∈ Irr(I/M). Now
(φiτ)
G′(1) = |G′ : I|φi(1)τ (1) ∈ cd(G′), which forces τ(1) = 1 since |G′ : I| = q3(q3 ± 1) and this degree must divide a
degree of G. Hence I/M is Abelian. But I/M E U/M and U/M ∼= SL3(q) : 2 or U/M ∼= SU3(q) : 2. Since I/M is Abelian, it is
solvable. But(U/M)/(I/M) is of order 2 and thus solvable. But then U/M is solvable, which is a contradiction. So this case is
not possible.
Case 2: |U/M : I/M| = 1 and φi(1) = 1 for some i. In this case, I/M is a maximal subgroup of G2(q) with structure
SL3(q) : 2 or SU3(q) : 2. As φi(1) = 1, φi is an extension of θ to I . By Lemma 2.2, (φiτ)G′ ∈ Irr(G′) for all τ ∈ Irr(I/M). Now
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(φiτ)
G′(1) = |G′ : I|φi(1)τ (1) ∈ cd(G′), which forces τ(1) = 1 or τ(1) = 2. Hence all the irreducible characters of I/M
are of degree one or two. But this is not the case, as I/M has structure SL3(q) : 2 or SU3(q) : 2. In particular I/M has an
irreducible character of degree q3, which is greater than 2. Hence it is not possible for U/M to have the structure SL3(q) : 2
or SU3(q) : 2.
Case 3: |U/M : I/M| = 1 and φi(1) = 2 for all i. In this case, I/M is amaximal subgroup of G2(q)with structure SL3(q) : 2
or SU3(q) : 2. Since q ≥ 7, we deduce that I/M is nonsolvable. As θ is I-invariant and all the irreducible constituents of θ I
have the same degree 2, by Moretö [15, Theorem 2.3] we deduce that I/M is solvable, a contradiction.
6.2. Maximal parabolic subgroups with structure [q5] : GL2(q)
SupposeU/M is amaximal parabolic subgroup of G′/M . We have I/M ≤ U/M  G′/M . ThenΦ2Φ3Φ6|U : I|φi(1) divides
a degree of G. So |U : I|φi(1) divides q± 1 or q.We have U/M ∼= [q5] : SL2(q) : (q− 1). Let L and V be subgroups of U such
that L/M ∼= [q5] and V/M ∼= SL2(q). It follows that L E U, LV E U, and L ∩ V = M. Let t = |U : I|. Recall that θ ∈ Irr(M)
with θ(1) = 1, I = IG′(θ), θ I =si=1 eiφi,where φi ∈ Irr(I), ei ≥ 1, and tφi(1) divides q± 1 or q,where 1 ≤ i ≤ s. Finally
letW = LV E U .
Case 1: tφj(1) | q ± 1 for some j. Then t is relatively prime to p. As L E U, we deduce that I ≤ IL ≤ U so
t = |U : I| = |U : IL| · |IL : I|. Now |IL : I| = |L : L ∩ I|. Thus if L ≰ I, then |L : L ∩ I| > 1 and is divisible by p
thus p | t,which is a contradiction. Therefore we can assume that L ≤ I ≤ U .
Let λ ∈ Irr(L) be an irreducible constituent of φj when restricted to L. Since (φj)M = ejθ, we deduce that λM = eθ for
some integer e. Now λ(1) = λ(1)/θ(1) = emust divide |L/M| = q5 by Lemma 2.1(a). However by the Clifford theory, we
know that λ(1) | φj(1)which implies that λ(1) is coprime to p. Thus λ(1) = 1 and so λ is an extension of θ to L.
As the unipotent radical L/M ∼= [q5] of the parabolic subgroup with structure [q5] : GL2(q) is nonAbelian (cf. [2]), we
can choose τ ∈ Irr(L/M) such that τ(1) > 1 is divisible by p. By Gallagher’s Theorem, we have that γ = λτ ∈ Irr(L|θ)
and p | γ (1). Since L E I, we have that if φ ∈ Irr(I|γ ) then φ(1) | q. Now let φk be an irreducible constituent of γ I . As
γ (1) | φk(1),we have that tφk(1) | q and since t is coprime to p,we must have t = 1 and so I = U .
We next show that γ is W -invariant. As W E I and p | γ (1), if φ ∈ Irr(W |γ ) then φ(1) | q. Suppose that γ is not
W -invariant and let J = IW (γ ). Then L ≤ J < W . Let δ be an irreducible constituent of γ J . Then δJ(1) = |W : J|δ(1) | q,
and |W : J| is divisible by the index of a maximal subgroup ofW/L ∼= SL2(q), q ≥ 7. By Lemma 2.5, we deduce that q = 7
or q = 11 and also J/L is isomorphic to a nonAbelian subgroup of SL2(q) of index q. Thus |W : J| = q and hence δ(1) = 1,
which is impossible as p | γ (1) and γ (1) | δ(1) so δ(1) ≠ 1. Thus γ isW -invariant and every irreducible constituent of γW
is a power of a fixed prime p, and so by [15, Thereom 2.3],W/L is solvable, which is a contradiction.
Case 2: tφi(1) | q for all i. Then t | q and all φi(1) are p-powers.
We will show that I/M is nonsolvable. If t = 1, then I = U and hence I/M ∼= [q5] : GL2(q) is obviously nonsolvable.
Thus we assume that t > 1. IfW ≤ I, then asW/L ∼= SL2(q),we deduce that I/M is nonsolvable. Hence we assumeW ≰ I
and t > 1. Then I  WI ≤ U and so t = |U : WI| · |WI : I| = |U : WI| · |W : W ∩ I|. As W ≰ I, we have W ∩ I  W so
|W : W ∩ I| is a nontrivial divisor of q. Let X = W ∩ I. Assume that L ≤ X . Then X/L is a proper subgroup ofW/L ∼= SL2(q)
and hence |W : X | is divisible by the index of some maximal subgroup of SL2(q) whose index divides q. By Lemma 2.5, we
deduce that q = 7 or q = 11, and that X/L is nonAbelian. In both cases, as q is prime and t > 1, we obtain that t = q
and hence since tφi(1) | q,we have that φi(1) = 1 for all i. Now Gallagher’s Theorem yields that I/M is Abelian, which is a
contradiction as I/M possesses a nonAbelian section X/L. Thus L ≰ X . Since L EW and X = W ∩ I ≤ W , we deduce that
X  XL ≤ W and L E XL ≤ W . It follows that |W : X | = |W : XL| · |XL : X | is a nontrivial divisor of q. If W = XL, then
SL2(q) ∼= W/L ∼= XL/L ∼= X/X ∩ L and hence sinceM E X ∩ LE X ≤ I,we deduce that I/M is nonsolvable. Hence we assume
|W : XL| ≠ 1 and so |W : XL| is a nontrivial divisor of q, L ≤ XL  W and XL/L ∼= X/X ∩ L. Arguing as in the previous case,
we obtain a contradiction.
Therefore I/M is nonsolvable. We now have that θ ∈ Irr(M), θ is I-invariant and for any χ ∈ Irr(I|θ),we have that χ(1)
is a power of a fixed prime p, and so by Moretö [15, Theorem 2.3] we have that I/M is solvable which is a contradiction.
7. EstablishingM = 1 when H ∼= G2(q)
For q ≥ 7, the Schur multiplier of G2(q) is trivial. Thus M ′ = M by Step 3 and Lemma 2.6. If M is Abelian, we are
done. Suppose M = M ′ ≠ 1. Let M/N ∼= T k be a chief factor of G′, where T is a nonAbelian simple group. Then T
possesses a nonprincipal irreducible character λ which is extendible to Aut(T ). By Lemma 2.4, λk ∈ Irr(M/N) extends
to ψ ∈ Irr(G′/N). Let χ ∈ Irr(G′/M) be such that χ(1) = q6. By Gallagher’s Theorem, we deduce that ψχ ∈ Irr(G′) so
ψ(1)χ(1) = λ(1)kq6 ∈ cd(G′) and hence λ(1)kq6 must divide some character degree of G, which is impossible. Hence
M = 1.
8. Establishing G = G ′ × CG(G ′)when H ∼= G2(q)
Recall that q = pa ≥ 7. Suppose G′ × CG(G′)  G. Then G induces on G′ some outer automorphism σ . By Lemma 2.7,
some conjugacy class of G′ is not fixed by σ . As the irreducible characters of G′ separate the conjugacy classes of G′, there
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exists some χ ∈ Irr(G′) such that χ is not fixed by σ . Let ψ ∈ Irr(G) such that [ψG′ , χ] > 0. Then ψ(1) = eχ(1) where
e > 1 and e divides |Out(G′)|, which is either a or 2a.
Examining the character degrees of G to find degrees with proper multiples which are also degrees of G establishes that
e = 2, e = 3, or e ≥ q− 1.
If e ≥ q − 1, then as e | 2a, we have 2a ≥ e ≥ q − 1 = pa − 1 ≥ 2a − 1, so a ≤ 2. If a = 2, then q = 4. If a = 1, then
q ≤ 3. Both cases are impossible as q ≥ 7.
Suppose e = 2. Then the possibilities for χ(1) are χ(1) = 12qΦ6Φ22 and eχ(1) = qΦ6Φ22 or χ(1) =
1
2qΦ3Φ
2
1 and eχ(1) = qΦ3Φ21 . In each of these cases, G′ ∼= G2(q) has only one irreducible character of degree χ(1),
so it is not possible for two characters of G2(q) of degree χ(1) to fuse into an irreducible character of G.
Suppose e = 3. Then χ(1) = 13qΦ3Φ6 and eχ(1) = qΦ3Φ6. But G′ ∼= G2(q) has only two irreducible characters of
degree χ(1) so it is not possible for three characters of G2(q) of degree χ(1) to fuse into an irreducible character of G. Thus
G = G′ × CG(G′).
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